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EFFECT OF COEFFICIENT CHANGES 0N.STABILITY OF LINEAR 
RETARDED SYSTEMS WITH CONSTANT TIME DELAYS 
L. Kei th  Barker  
Langley Research C e n t e r  
1 SUMMARY 
I I n  p r e v i o u s  s t u d i e s ,  t h e  e f fec ts  o f  t i m e  d e l a y s  on t h e  s t a b i l i t y  o f  
d i f f e r e n t i a l - d i f f e r e n c e  e q u a t i o n s  o f  t h e  r e t a r d e d  t y p e  ( r e t a r d e d  sys t ems)  have 
been examined. After t h e  s t a b i l i t y  c o n d i t i o n  o f  t h e  r e t a r d e d  system i s  d e t e r ­
mined f o r  a f i x e d  set  o f  time d e l a y s ,  i t  may be o f  i n t e r e s t  t o  de t e rmine  t h e  
f u r t h e r  change i n  t h e  s t a b i l i t y  c o n d i t i o n  as a system c o e f f i c i e n t  i s  v a r i e d ,  
w i t h  t h e  time d e l a y s  h e l d  f i x e d .  Th i s  l a t t e r  problem is examined i n  t h i s  pape r  
by c a s t i n g  it i n  a form f o r  which t h e  T-decomposition method i s  a p p l i c a b l e .  The 
approach i n v o l v e s  a r ea r r angemen t  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  so t h a t  t h e  
c o e f f i c i e n t  p l a y s  a r o l e  s imi l a r  t o  a time d e l a y  i n  t h e  T-decomposition method. 
Then, t h e  r-deCOmpOSitiOn method i s  a p p l i e d  t o  o b t a i n  t h e  changes i n  t h e  s tabi l ­
i t y  c o n d i t i o n  as t h e  c o e f f i c i e n t  i s  v a r i e d .  
The method is  a p p l i e d  t o  a second-order  d i f f e r e n t i a l  e q u a t i o n  w i t h  c o n s t a n t  
time d e l a y s  i n  t h e  v e l o c i t y  and d i sp lacemen t  terms. I n t e r v a l s  o f  t h e  c o e f f i ­
c i e n t  over which t h e  system is  s t a b l e  and u n s t a b l e  are computed. 
I N T R O D U C T I O N  
A d i f f e r e n t i a l - d i f  f e r e n c e  e q u a t i o n  o f  t h e  r e t a r d e d  type  ( r e t a r d e d  system) 
i s  a d i f f e r e n t i a l  e q u a t i o n  i n  which t h e  dependent  v a r i a b l e  and a l l  b u t  t h e  high­
es t  o r d e r  d e r i v a t i v e  may c o n t a i n  time d e l a y s .  (There i s  a t  l eas t  one d e l a y . )  
Mathematical t r e a t m e n t s  o f  r e t a r d e d  systems can be found i n  r e f e r e n c e s  1 ,  2 ,  
and 3 ,  f o r  example. 
Some p h y s i c a l  problems are modeled as a homogeneous r e t a r d e d  sys t em,  and 
t h e  s t a b i l i t y  o f  t h e  system is  d e s i r e d .  Also,  t h e  s t a b i l i t y  o f  t h e  homogeneous 
r e t a r d e d  system is  r e l a t e d  t o  t h e  a s y m p t o t i c  s t a b i l i t y  o f  some n o n l i n e a r  c o n t r o l  
problems i n v o l v i n g  time d e l a y s  ( r e f .  4 )  and t o  t h e  v a l i d  a p p l i c a t i o n  o f  g e n e r a l ­
i z e d  harmonic a n a l y s e s  t o  r e t a r d e d  sys t ems  ( r e f .  5 ) .  
A homogeneous r e t a r d e d  sys t em,  which i s  l i n e a r  and t i m e - i n v a r i a n t ,  is  asymp­
t o t i c a l l y  s t a b l e  i f  and o n l y  i f  a l l  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  
have n e g a t i v e  real  p a r t s  ( r e f .  1 ) .  The c h a r a c t e r i s t i c  e q u a t i o n  i s  t r anscenden­
t a l  and has  an i n f i n i t e  number o f  r o o t s .  T h e r e f o r e ,  i t  i s  n o t  p o s s i b l e  t o  com­
p u t e  a l l  these r o o t s  t o  de t e rmine  whether t h e y  have n e g a t i v e  real  p a r t s .  How­
e v e r ,  i t  is  p o s s i b l e  t o  compute t h e  number o f  r o o t s  w i t h  z e r o  o r  p o s i t i v e  real  
p a r t s .  
IIIIIIII 

With z e r o  d e l a y s ,  t h e  characterist ic e q u a t i o n  r e d u c e s  t o  a po lynomia l ,  
which has on ly  a f i n i t e  number o f  roo t s .  With s u f f i c i e n t l y  small p o s i t i v e  time 
d e l a y s ,  t he  character is t ic  e q u a t i o n  has e s s e n t i a l l y  these same f i n i t e  r o o t s ,  
p l u s  a n  i n f i n i t e  number of r o o t s . w i t h  a r b i t r a r i l y  large n e g a t i v e  r ea l  p a r t s  
( refs .  6 and 7 ) .  Hence, w i t h  s u f f i c i e n t l y  small p o s i t i v e  time d e l a y s ,  t h e  sta­
b i l i t y  c o n d i t i o n  ( s t ab le  or  u n s t a b l e )  of t h e  retarded sys t em is t h e  same as the  
s t a b i l i t y  c o n d i t i o n  of t h e  system w i t h  z e r o  d e l a y s ,  and t h e  r o o t s  w i t h  nonnega­
t i v e  real parts are known. A s  the  d e l a y s  are i n c r e a s e d  from z e r o ,  t h e  r o o t s  o f  
the  characterist ic e q u a t i o n  beg in  t o  move, g e n e r a t i n g  r o o t - l o c u s  c u r v e s .  I n  
o r d e r  f o r  the s t a b i l i t y  c o n d i t i o n  t o  change,  a r o o t - l o c u s  c u r v e  must i n t e r s e c t  
t he  imaginary a x i s .  The r-decomposi t ion method o f  r e f e r e n c e  8 has been shown t o  h 
be a conven ien t  means f o r  determinir ig  t he  d i r e c t i o n s  i n  which t h e  r o o t - l o c u s  
c u r v e s  c r o s s  t h e  imag ina ry  a x i s .  Hence, t h e  change i n  t h e  s t a b i l i t y  c o n d i t i o n  
can be computed as t h e  d e l a y s  are v a r i e d ,  one a t  a time, from z e r o  t o  t h e i r  
f i n a l  d e s i r e d  v a l u e s  ( r e f .  7 ) .  
Another s t a b i l i t y  problem o c c u r s  whenever a c o e f f i c i e n t  i n  t h e  character­
i s t i c  e q u a t i o n  of a r e t a r d e d  system must be v a r i e d .  The purpose o f  t h i s  s t u d y  
i s  t o  show how t h e  ,r-decomposition method may be  used t o  s o l v e  t h i s  s t a b i l i t y  
problem. The proposed t e c h n i q u e  i n v o l v e s  a r ea r r angemen t  o f  t h e  charac te r i s t ic  
e q u a t i o n  so t h a t  t h e  c o e f f i c i e n t  t o  be v a r i e d  appears a s  a time d e l a y .  Then, 
t he  ,-decomposition method is  a p p l i e d  t o  o b t a i n  changes i n  t h e  s t a b i l i t y  condi­
t h e - c o e f f i c i e n t  i s  v a r i e d  o v e r  a r ange  o f  v a l u e s .  
SYMBOLS 

N N matrices o f  real  c o n s t a n t s  
f u n c t i o n  o f  s i n  e q u a t i o n  ( 3 )  
N x N i d e n t i t y  m a t r i x  
imaginary p a r t  o f  ( 
imaginary u n i t ,  fi 
i n t e g e r  i ndex  ( s u b s c r i p t  1 
system c o e f f i c i e n t  
f i n a l  d e s i r e d  v a l u e  o f  K 
v a l u e  of K a t  a p o i n t  o f  i n t e r s e c t i o n  o f  a r o o t - l o c u s  c u r v e  w i t h  
t h e  imaginary a x i s  
charac te r i s t ic  quas i -po lynon ia l  
+
dimension o f ,  x ( t >  i n  e q u a t i o n  ( 1 )  
number o f  r o o t s  o f  W ( s >  w i t h  p o s i t i v e  real  p a r t s  






N(T) number of r o o t s  o f  W2(s) w i t h  p o s i t i v e  real  p a r t s  

Re( rea l  p a r t  of  ( ) 

S complex v a r i a b l e ,  u + i u ,  






W(s) f u n c t i o n  o f  s i n  e q u a t i o n  (7) 
4 
W,(S> f u n c t i o n  o f  s i n  e q u a t i o n  ( 6 )  
X scalar f u n c t i o n  of time 
-+ 
x N x 1 s t a t e  v e c t o r  
O 1  real  numbers 
E small p o s i t i v e  number 
U real  p a r t  o f  complex number s 
T,Tk c o n s t a n t  t i m e  d e l a y s  
T* v a l u e  o f  T a t  a p o i n t  o f  i n t e r s e c t i o n  of  a r o o t - l o c u s  c u r v e  wi th  
t h e  imaginary a x i s  
w imaginary p a r t  o f  complex number s 
wm an upper bound on w i n  L ( s )  = 0 ,  where s = i o  
w* va lue  o f  w a t  a p o i n t  of i n t e r s e c t i o n  of  a r o o t - l o c u s  cu rve  w i t h  
t h e  imaginary a x i s  
ANALYSIS 
Retarded System .. 
A c lass  o f  homogeneous dynamical sys t ems ,  c a l l e d  r e t a r d e d  sys t ems ,  can be  
d e s c r i b e d  by t h e  f o l l o w i n g  e q u a t i o n :  
where G ( t )  is an N x 1 v e c t o r ,  A and AQ, are N x N c o n s t a n t  matrices, 
and TQ, => 0 are c o n s t a n t  time d e l a y s .  
3 
The character is t ic  e q u a t i o n  a s s o c i a t e d  w i t h  e q u a t i o n  ( 1 )  is  
T 
L(s) = d e t  (SI - A - R = l  ARe-"? = 0 
+ 
where s = u + i w  is a complex v a r i a b l e .  It i s  known ( ref .  1 )  t h a t  x ( t )  + 0 
as t + m ( a s y m p t o t i c a l l y  s tab le)  i f  and o n l y  i f  a l l  t h e  r o o t s  o f  e q u a t i o n  ( 2 )  
have n e g a t i v e  real  par t s  ( a  < 0 ) .  
I 
The r o o t s  of e q u a t i o n  ( 2 )  occur  i n  complex-conjugate p a i r s ,  so  t h a t  o n l y  
r o o t s  i n  t h e  upper ha l f  o f  t h e  complex s - p l a n e  are c o n s i d e r e d  h e r e i n ;  t h a t  is,  I 
w 2 0 .  
Change i n  S t a b i l i t y  With C o e f f i c i e n t  Changes 
It i s  assumed t h a t  the  re ta rded  system is  known t o  be  e i t h e r  s table  o r  
u n s t a b l e  f o r  a f i x e d  set  of time d e l a y s  T ~ ( R  1 ,  2, . . ., T I ,  and t h a t  t h e  
number o f  r o o t s  w i t h  p o s i t i v e  o r  z e r o  real  par ts  has been de te rmined .  T h i s  
i n f o r m a t i o n  can be o b t a i n e d  by u s i n g  t h e  T-decomposition method o f  s t a b i l i t y  
a n a l y s i s  ( r e f .  7 ) .  Now, suppose it is  des i r ed  t o  know how t h e  s t a b i l i t y  f u r t h e r  
changes as a system c o e f f i c i e n t  K i s  changed. Toward t h i s  end ,  t h e  character­
i s t i c  e q u a t i o n  ( 2 )  i s  w r i t t e n  as 
f ( s ; r R )= KS ( 3  
where K i s  t h e  system c o e f f i c i e n t  o f ' i n t e r e s t ,  and f ( s ; T R )c o n t a i n s  t h e  
remaining pa r t  o f  t h e  charac te r i s t ic  e q u a t i o n .  The charac te r i s t ic  e q u a t i o n  
can be so lved  f o r  K and t h e  r e s u l t i n g  e q u a t i o n  m u l t i p l i e d  by s t o  o b t a i n  
e q u a t i o n  ( 3 ) .  
I n  o r d e r  f o r  t h e  number o f  r o o t s  w i t h  p o s i t i v e  rea l  pa r t s  o f  e q u a t i o n  ( 3 )  
t o  change as K i s  c o n t i n u o u s l y  changed, a r o o t - l o c u s  c u r v e  must i n t e r s e c t  t h e  
i n a g i n a r y  axis. A t  an i n t e r s e c t i o n  p o i n t  ( s  i w ) ,  t he  fo l lowing  e q u a t i o n s  must 
be sat isf ied : 
and 
E q u a t i o n s  ( 4 )  and ( 5 )  are  t h e  real  and imaginary p a r t s  o f  e q u a t i o n  ( 3 )  w i t h  
s = i w .  Thus, t h e  p o i n t s  where t h e  r o o t - l o c u s  c u r v e s  o f  e q u a t i o n  ( 3 )  c r o s s  t h e  
imaginary a x i s  (eq. (4)) and t h e  v a l u e s  o f  K ( e q .  ( 5 ) )  f o r  which  these  i n t e r ­
s e c t i o n  p o i n t s  occur  can be c a l c u l a t e d .  The behav io r  o f  t h e  r o o t - l o c u s  cLirves 
a t  t he  i n t e r s e c t i o n  points Se te rmines  t.he change i n  t h e  number o f  r o o t s  w i t h  
p o s i t i v e  real par t s .  S p e c i f i c a l l y ,  i t  is  d e s i r e d  t o  know i n  which d i r e c t i o n s  t h e  
r o o t - l o c u s  c u r v e s  c r o s s  t h e  imaginary a x i s  o r  i f  a r o o t - l o c u s  c u r v e  i s  t a n g e n t  
4 

t o  t h e  imaginary a x i s .  These are determined l a t e r  by u s i n g  t h e  T-decomposition 
method. 
The e s s e n c e  o f  t h e  T-decomposition method o f  s t a b i l i t y  a n a l y s i s  i s  now p re ­
s e n t e d .  Consider  t he  f u n c t i o n  
W,(s) = eTS ( 6 )  
where W,(s> is  a r a t i o  o f  two polynomial e q u a t i o n s  i n  s w i t h  c o n s t a n t  c o e f f i ­
h c i e n t s ,  and T is a time d e l a y .  The f o l l o w i n g  theorem is  a t t r i b u t e d  t o  Lee and 
Hsu ( r e f .  81, where N(T) d e n o t e s  t h e  number o f  r o o t s  o f  e q u a t i o n  ( 6 )  w i t h  posi­
\ t i v e  real p a r t s .  The theorem has  been reworded fo r  t h e  p r e s e n t  a p p l i c a t i o n .  
Theorem 1 .  L e t  s = i w * ,  where w* > 0 ,  be  a p u r e l y  imaginary root o f  equa­
t i o n  ( 6 )  w i th  co r re spond ing  time d e l a y  T* 2 0 .  L e t  4 be t h e  co r re spond ing  
p o i n t  of i n t e r s e c t i o n  of t h e  t e s t i n g  f u n c t i o n  W 2 ( i w )  w i t h  t h e  u n i t  c i r c l e  i n  
e q u a t i o n  ( 6 ) .  Then, 
( 1 )  N ( T )  i n c r e a s e s  by 1 if t h e  t e s t i n g  f u n c t i o n  e n t e r s  t h e  u n i t  c i r c l e  a t  
4 (which o c c u r s  when T = T* and w = w * ) ;  
( 2 )  N(T) decreases by 1 as T i n c r e a s e s  a c r o s s  T* i f  t h e  t e s t i n g  func­
t i o n  l e a v e s  t he  u n i t  c i r c l e  as w i n c r e a s e s  a c r o s s  w*; and 
( 3 )  N(T) remains t h e  same as T i n c r e a s e s  a c r o s s  T* i f  the t e s t i n g  
f u n c t i o n  remains on t h e  same s i d e  o f  t h e  u n i t  c i r c l e  as w i n c r e a s e s  a c r o s s  
w* . 
Lee and Hsu used t h e  r e s u l t s  o f  theorem 1 t o  examine the  s t a b i l i t y  o f  a 
retarded dynamical system w i t h  one c o n s t a n t  t i m e  d e l a y  T. The development o f  
t h e  theorem is  o f  such g e n e r a l i t y ,  however, t h a t  t h e  o n l y  r e s t r i c t i o n  r e q u i r e d  
on t h e  t e s t i n g  f u n c t i o n  w2(s) i n  e q u a t i o n  ( 6 )  i s  t h a t  i t  be  a n a l y t i c  ( o r  reg­
u l a r )  a t  t h e  i n t e r s e c t i o n  p o i n t s  be ing  c o n s i d e r e d .  A s i g n i f i c a n t  f e a t u r e  o f  t h e  
theorem is  t h a t  i t  i s  n o t  n e c e s s a r y  t o  be  concerned w i t h  f i n d i n g  t h e  f irst  non­
z e r o  d e r i v a t i v e  o f  t he  real  p a r t  o f  t h e  r o o t - l o c u s  c u r v e s  w i t h  r e s p e c t  t o  K ,  o r  
whether t h e  i n t e r s e c t i o n  p o i n t s  are s i m p l e .  
Now, e q u a t i o n  ( 3 )  i s  expres sed  i n  a form f o r  which t h e  T-decomposition 
method i s  a p p l i c a b l e .  Taking t h e  e x p o n e n t i a l  o f  bo th  s i d e s  o f  e q u a t i o n  ( 3 )  
r e s u l t s  i n  
W(s) = eKs 
A where 
Equa t ion  ( 7 )  i s  i n  t h e  s t a n d a r d  form f o r  a p p l i c a t i o n  o f  t h e  T-decomposition 
method, where K i s  p l a y i n g  the  r o l e  o f  a time d e l a y ;  and a modif ied t e s t i n g  




The f o l l o w i n g  theorem r e s u l t s  from t h e  g e n e r a l  p roo f  o f  theorem 1 w i t h  
e q u a t i o n  ( 6 )  replaced by e q u a t i o n  ( 7 ) .  
Theorem 2 .  L e t  s = i w *  be a p u r e l y  imag ina ry  r o o t  o f  e q u a t i o n  ( 7 )  when 
K = K*. Moreover, l e t  a, < w* and a2 > w* be  rea l  numbers f o r  which W(ia l )  
and W(ia2) are d e f i n e d  and l e t  w* be t h e  o n l y  i n t e r s e c t i o n  p o i n t  i n  t h e  
i n t e r v a l  [a l ,a , ] .  Then f o r  E an a r b i t r a r i l y  small p o s i t i v e  number, 
( 2 )  N ( K * + E )  = N ( K * )  - 1 i f  IW(ial) l  < 1 and I k ( i a 2 ) l  > 1 
( 3 )  IU(K*+e) = N ( K * )  i f  both IW(ia,)I and IW(ia2)l  are greater than  1 ,  
o r  i f  both are less than 1 .  
The v a l u e s  of K* a t  t h e  i n t e r s e c t i o n  p o i n t s  are o r d e r e d  by i n c r e a s i n g  magni­
t u d e s  t o  o b t a i n  t h e  change i n  t h e  s t a b i l i t y  as K i n c r e a s e s  t o  i t s  f i n a l  
d e s i r e d  v a l u e ,  s a y  K,. 
G e o m e t r i c a l l y ,  items ( 1 1 ,  ( 2 1 ,  and ( 3 )  o f  theorem 2 co r re spond ,  r e spec ­
t i v e l y ,  t o  t he  t e s t i n g  f u n c t i o n  W ( i w )  e n t e r i n g ,  l e a v i n g ,  and being t a n g e n t  t o  
t he  u n i t  c i r c l e .  The t e s t i n g  f u n c t i o n  i s  e v a l u a t e d  a l o n g  t h e  imaginary a x i s  t o  
i n f e r  t h e  d i r e c t i o n s  i n  which t h e  r o o t - l o c u s  c u r v e s  c r o s s  t h e  imaginary a x i s .  
Theorem 2 is  a p p l i e d  as f o l l o w s :  Let  s = i w *  be a p o i n t  o f  i n t e r s e c t i o n  
of a r o o t - l o c u s  c u r v e  o f  e q u a t i o n  ( 3 )  w i t h  t he  imag ina ry  a x i s  when K = K * .  
Thus,  w = w* and K = K* s a t i s f y  e q u a t i o n s  ( 4 )  and ( 5 ) .  T h i s  r o o t - l o c u s  
c u r v e  is common t o  bo th  e q u a t i o n s  ( 3 )  and ( 7 ) .  I n  a d d i t i o n ,  there are no e x t r a  
r o o t - l o c u s  c u ~ v e sof  e q u a t i o n  (71, which are  n n t  C O Z ~ O R  t o  equat ion  (317 t h a t  
have t h i s  i n t e r s e c t i o n  p o i n t  when K = K*.  If w = w* is the  o n l y  v a l u e  o f  w 
i n  t h e  i n t e r v a l  [a l , a ; l ]  f o r  which  t h e  t e s t i n g  f u n c t i o n  W ( i w )  i n t e r s e c t s  t h e  
imaginary a x i s ,  t h e n  t h e  change i n  t h e  s t a b i l i t y  a t  t h i s  i n t e r s e c t i o n  p o i n t  i s  
determined by computing IW( ia l ) l  and ( W ( i a 2 ) 1 .  Fo r  example,  from item ( 1 )  of  
theorem 2 ,  if l W ( i a l )  I > 1 and I W (  i a 2 )  I < 1 , as i n d i c a t e d  i n  f i g u r e  1 ,  t h e n  
the  system g a i n s  e x a c t l y  one r o o t  w i t h  p o s i t i v e  rea l  p a r t  a s  K i n c r e a s e s  
a c r o s s  K*; t h a t  i s ,  N ( K * + E )  = N ( K * )  + 1 .  
F i g u r e  1.- H y p o t h e t i c a l  v a r i a t i o n  o f  t h e  a b s o l u t e  v a l u e  o f  t h e  
t e s t i n g  f u n c t i o n ,  e v a l u a t e d  a long  t h e  imag ina ry  a x i s .  
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The magnitude o f  U(iw) i n  f i g u r e  1 i n t e r s e c t i n g  t h e  h o r i z o n t a l  dashed 
l i n e  a t  1 co r re sponds  t o  W(iw) i n t e r s e c t i n g  t h e  u n i t  c i r c l e .  Hence, i n  f i g ­
ure 1 ,  W(iw) e n t e r s  t h e  u n i t  c i r c l e  as w i n c r e a s e s  a c r o s s  w*. 
Procedure 
To a p p l y  t h e  s t a b i l i t y  p rocedure  o f  t h i s  p a p e r ,  w i s  incremented i n  t h e  
fo l lowing  e q u a t i o n s :  
s i w  (9  1 
f ( s ;r,> 
I m ( K )  = Im[  ] ( 1 0 )  
L 

The c o e f f i c i e n t  K i n  e q u a t i o n  ( 3 )  i s  assumed t o  be a rea l  number. I f  
I m ( K )  = 0 i n  e q u a t i o n  ( 1 0 )  f o r  some v a l u e  o f  w d u r i n g  t h e  i n c r e m e n t a t i o n ,  s a y  
w*, t hen  e q u a t i o n  ( 3 )  i s  s a t i s f i e d  by s i o *  when K i n  e q u a t i o n  ( 1 1 )  h a s  
the real  v a l u e  denoted by K*.  Theorem 2 i s  a p p l i e d  by examining t a b u l a t e d  v a l ­
u e s  of e q u a t i o n  ( 1 2 )  a s  w i n c r e a s e s  a c r o s s  w*.  
S i n c e  w > 0 i s  incremented i n  e q u a t i o n s  (9) t o  ( 1 2 ) ,  t h e r e  i s  t h e  ques­
t i o n  of when t o  t e r m i n a t e  t h e  i t e r a t i o n  p r o c e s s .  I t  i s  always p o s s i b l e  t o  com­
pu te  an u p p e r  bound on w f o r  K 2 R,. The procedure i s  i l l u s t r a t e d  i n  a subse ­
quent a p p l i c a t i o n .  It i s  i m p o r t a n t  t o  choose t h e  increment  on w small enough 
t o  p rec lude  ove r look ing  any v a l u e s  of s = i w  which s a t i s f y  t h e  c h a r a c t e r i s t i c  
equa t ion  when K 2 K,. 
APPLICATION 
Consider  t h e  fo l lowing  e q u a t i o n  from r e f e r e n c e  6 ( i n  t h e  p r e s e n t  n o t a t i o n ) :  
d2x 	 dx 
d t-( t )  + 2K - ( - T , )  + x ( t - r 2 )  0 ( 1 3 )  
d t 2  
where and r2 are f i x e d  time d e l a y s ,  and t h e  rea l  number K > 0 i s  a sys­
t e m  c o e f f i c i e n t .  
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The characteristic e q u a t i o n  a s s o c i a t e d  w i t h  e q u a t i o n  (13) i s  
‘‘1s -9 s  
s2 + 2Kse + e  = o  ( 1 4 )  
With K = 0.5, ‘cl = 0.8, and T~ = 0.2,  t h e  s o l u t i o n  of e q u a t i o n  (13 )  i s  asymp­
t o t i c a l l y  s table;  t h a t  is ,  a l l  r o o t s  of e q u a t i o n  ( 1 4 )  have n e g a t i v e  real par ts  
( re fs .  6 and 7 ) .  
Now, as K i s  v a r i e d ,  r o o t - l o c u s  c u r v e s  may p o s s i b l y  i n t e r s e c t  t he  imagi­
n a r y  a x i s  and change t h e  s t a b i l i t y  of  e q u a t i o n  (13 ) .  To examine t h i s  p o s s i b i l ­
i t y ,  write e q u a t i o n  ( 1 4 )  as 
K s  = - -(s2 + e-r2S) e“ l S  (15)1 
2 
which i s  i n  the  form o f  e q u a t i o n  ( 3 )  wi th  
Then, w i t h  e q u a t i o n  ( 1 6 ) ,  e q u a t i o n s  ( 9 )  t o  (12 )  a l o n g  w i t h  t h e  T-decomposition 
theorem are s u b s e q u e n t l y  used.  
I t e r a t i o n  .Bounds on w 
Maximum bound.- S e t t i n g  s = i w  i n  e q u a t i o n  (14.) g i v e s  
- i w . r  1 -iu2 
-w2 + 2Kiwe + e  = o  ( 1 7 )  
So lv ing  e q u a t i o n  ( 1 7 )  f o r  ,w2 and t a k i n g  t h e  magnitude o f  both s ides  of  t h e  
r e s u l t i n g  e q u a t i o n  g i v e s  
l w P  2 2lkwl + 1 ( 1 8 )  
But,  s i n c e  w > 0 and K > 0 ,  
w2 2 2Kw + 1 2 2Kmo + 1 ( 1 9 )  
where K 2 K m ,  and K m  i s  a bound on K .  
bhen w = 0 ,  t h e  r i g h t  s ide of  e q u a t i o n  ( 1 9 )  exceeds  t h e  l e f t  s i d e ;  how­
e v e r ,  as w i n c r e a s e s ,  t h e  l e f t  s i d e  e v e n t u a l l y  dominates  t he  r i g h t  s i d e .  
Thus, there e x i s t s  a maximum v a l u e  o f  w, s a y  wm, beyond which e q u a t i o n  (‘19) 
i s  no l o n g e r  sa t i s f ied .  It  i s  n o t  d i f f i c u l t  t o  see t h a t  t h i s  maximum v a l u e  o f  
w is the  largest  p o s i t i v e  rea l  r o o t  of t he  e q u a t i o n  
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which is  
wm = K, + \IT (21 )K, 
Lower .bound.- One lower  bound on w i s  z e r o ;  however, a larger lower  bound 
may be d e s i r e d .  I n  t h i s  case, e q u a t i o n  ( 1 7 )  can be  used t o  o b t a i n  t h e  e q u a t i o n ,  
o r  i n e q u a l i t y ,  o f  magnitudes 
-io '  - i w ~  
1 ~ 2 12 l e  21 - l2Kiwe l I  (221 
or 9 
u2 1 1 - 2Kw (23 1 
C l e a r l y ,  f o r  w = 0 ,  e q u a t i o n  ( 2 3 )  i s  n o t  s a t i s f i e d .  A s  w i n c r e a s e s ,  t h e r e  i s  
a leas t  v a l u e  o f  w f o r  which e q h a t i o n  (23 )  i s  s a t i s f i e d . .  T h i s  l ea s t  v a l u e  
w i l l  be smaller for  l a r g e r  c o n s t a n t  v a l u e s  of K .  Thus, fo r  K 5- K, t h e  l eas t  
v a l u e  o f  w which s a t i s f i e s  
w2 1 - 2Kmw ( 2 4 )  
i s  taken as a lower bound on w. T h i s  lower bound, ca l led  wL, i s  t h e  l e a s t  
p o s i t i v e  real  r o o t  o f  t h e  e q u a t i o n  
w2 + 2KmW - 1 = 0 ( 2 5 )  
which is  
% = - K m  
Hence, a s  K i s  i n c r e a s e d  t o  K,, a l l  r o o t - l o c u s  c u r v e s  m u s t  i n t e r s e c t  t h e  
imaginary a x i s  i n  t h e  i n t e r v a l  
w L ,< w z w  m (27 )-
S p e c i f i c  Computations 
A s  mentioned p r e v i o u s l y ,  e q u a t i o n  (13)  i s  a s y m p t o t i c a l l y  s t a b l e  when 
= 0.8, T~ = 0 . 2 ,  and K = 0.5 .  It i s  d e s i r e d  t o  de t e rmine  t h e  change i n  
s t a b i l i t y  as K i s  v a r i e d  from 0.5 t o  1 w i th  t h e  v a l u e s  of  and T~ h e l d  
f i x e d .  I n  t h i s  case,  e a u a t i o n  ( 1 6 )  becomes 
and e q u a t i o n  (27 ) becomes 
0.41 2 w 2 2 .5  ( 2 9 )  
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With f ( s ; T i l )  g iven  by e q u a t i o n  (281, e q u a t i o n s  ( 9 )  t o  ( 1 2 )  were i t e r a t e d  
simul t a n e o u s l y  on a d i g i t a l  computer by i n c r e m e n t i n g  w i n  i n c r e m e n t s  of  0.01 
ove r  t h e  i n t e r v a l  o f  v a l u e s  i n  e q u a t i o n  ( 2 9 ) .  
Tab le  I shows t h e  r e g i o n s  of  i nc remen ted  v a l u e s  where I m ( K )  changes s i g n .  
The v a l u e s  o f  w where I m ( K )  = 0 and t h e  c o r r e s p o n d i n g  v a l u e s  o f  K are 
g iven  approx ima te ly  i n  t h e  first two columns o f  table I1 a s  w = w* and 
K = K*. The r e su l t s  i n  t h e  t h i r d  column o f  t a b l e  I1 were determined by exanin­
i n g  IW(iw)l i n  t ab le  I i n  t h e  neighborhood o f  w* and a p p l y i n g  t h e  
T-decomposition theorem. As mentioned p r e v i o u s l y ,  t h e  retarded system i s  known 
t o  be a s y m p t o t i c a l l y  s t a b l e  f o r  K = 0.5.  Thus,  f o r  K between approx ima te ly  
K* = 0.16 and 0 .63 ,  t h e  system w i l l  remain a s y m p t o t i c a l l y  s t a b l e .  The system i s  
u n s t a b l e  i n  t h e  approximate i n t e r v a l s  0 2 K < 0.16 and 0 .63  < K 2 1 .  To exam­
i n e  v a l u e s  o f  K greater than  K, = 1 ,  l a r g e r  v a l u e s  o f  wm i n  e q u a t i o n  ( 2 1 )  
may be used.  
CONCLUDIHG REMARKS 
Once t h e  s t a b i l i t y  c o n d i t i o n  ( s t ab le  o r  u n s t a b l e )  o f  a retarded system i s  
determined f o r  a f i x e d  set  o f  time d e l a y s ,  i t  may be  o f  i n t e r e s t  t o  de t e rmine  
t h e  f u r t h e r  change i n  t h e  s t a b i l i t y  c o n d i t i o n  a s  a system c o e f f i c i e n t  i s  v a r i e d ,  
w i t h  t h e  time d e l a y s  h e l d  f i x e d .  T h i s  l a t t e r  problem is examined i n  t h i s  paper  
by casting it  i n  a form f o r  which t h e  T-decomposition method i s  a p p l i c a b l e .  The 
approach i n v o l v e s  a r ea r r angemen t  o f  t h e  charac te r i s t ic  e q u a t i o n  so t h a t  the 
c o e f f i c i e n t  t o  be  v a r i e d  p l a y s  t h e  r o l e  o f  a time d e l a y .  The -decomposition 
method is  a p p l i e d  then  t o  o b t a i n  changes i n  t h e  s t a b i l i t y  c o n d i t i o n  as t h e  coe f ­
f i c i e n t  i s  v a r i e d  ove r  a r ange  o f  v a l u e s .  
The method has been a p p l i e d  t o  a second-order  
time d e l a y s  i n  t h e  v e l o c i t y  and d i sp lacemen t  terms. 
f i c i e n t  f o r  which the  system i s  s t a b l e  and u n s t a b l e  
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TABLE I.- INCREMENTAL VALUES 

0 Re (K 
,.. . . .~ ... . --. -. . 
0.410 -0.2309 0.9887 0.6667 
1.09 .I382 .0135 .9854 
1.10 . I452  .0087 .9905 
1 . I 1  .I523 .0040 .9956 
1.12 . I593  -.0005 1.0005 
1.13 .1664 - .0048 1.0055 
1.14 . I736 -.0090 1.0103 
1.74 .6077 -.0103 1 .&80 
1.75 .6144 - -0066 'I.0115 
1.76 .6211 -.0028 1.0049 
1.77 .6277 ,0012 .9979 
1.78 .6343 ,0052 .9908 
1.79 .6408 .0093 - 9835 
2.50 ,937 1 .e343 .2629 
TABLE 11.- VALUES OF w * ,  K * ,  AND N ( K * + + E )  
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